In this work we present an investigation of viscoelastic flow in a planar sudden expansion with expansion ratio D/d = 4. We apply the modified FENE-CR constitutive model based on the non-linear finite extensibility dumbbells (FENE) model. The governing equations were solved using a finite volume method with the high-resolution CUBISTA scheme utilised for the discretisation of the convective terms in the stress and momentum equations. Our interest here is to investigate two-dimensional steady-state solutions where, above a critical Reynolds number, stable asymmetric flow states are known to occur. We report a systematic parametric investigation, clarifying the roles of Reynolds number (0.01 < Re < 100), Weissenberg number (0 < We < 100) and the solvent viscosity ratio (0.3 < β < 1). For most simulations the extensibility parameter of the FENE model was kept constant, at a value L 2 = 100, but some exploration of its effect in the range 100-500 shows a rather minor influence. The results given comprise flow patterns, streamlines and vortex sizes and intensities, and pressure and velocity distributions along the centreline (i.e. y = 0). For the Newtonian case, in agreement with previous studies, a bifurcation to asymmetric flow was observed for Reynolds numbers greater than about 36. In contrast viscoelasticity was found to stabilise the flow; setting β = 0.5 and We = 2 as typical values, resulted in symmetric flow up to a Reynolds number of about 46. We analyse these two cases in particular detail.
Introduction
Numerical simulation of viscoelastic flows has been used increasingly for the analysis and understanding of fluid behaviour in a variety of processes of both industrial and scientific interest. From a fundamental point of view, viscoelastic fluid flow through ducts with abrupt change of cross-section, either expansions or contractions, are important as they highlight many of the unusual phenomena brought about by elasticity. These phenomena include complex recirculation patterns, not found with Newtonian fluids, vortex enhancement or suppression, the possibility of unsteady flow due to elastic instabilities, complex stress behaviour near geometrical singular points, etc. In addition, expansion and contraction geometries are relevant in engineering applications, particularly in the process industries, for example the channel feeding an extrusion die is unavoidably endowed with such localised perturbations in cross-section in order to achieve the desired extruded shape. A survey of the specialised literature shows that contraction flows of viscoelastic liquids have received a great deal of attention during the past 10-15 years, but studies (both numerical and experimental) of expansion flows are rather scarce. Given the rich fluid dynamic behaviour that has been observed in viscoelastic fluid flow in contractions, referred to above, this is perhaps not surprising (see the many examples in the book of Boger and Walters [1] for example).
Of the few papers that have investigated viscoelastic fluid flow through expansions they are, in the main, concerned with creeping flow conditions (i.e. vanishing Re). The numerical works of Darwish et al. [4] and Missirlis et al. [5] both use a finite volume technique to simulate viscoelastic fluid flow through a two-dimensional 1:4 plane sudden expansion using the UCM model for Re = 0.1. Missirlis et al. [5] show that vortex activity is suppressed with increasing Deborah number (defined by the ratio between the characteristic time of the deformation process being observed and the characteristic time of the material) and that, as the Deborah number is increased beyond a critical value of 3.0, the recirculation zone is completely eliminated. The related works of Townsend and Walters [6] and Baloch et al. [7] are also worthy of mention. Both works used the linear form of the PTT model in an attempt to simulate the flow visualisations (shown originally in Townsend and Walters [6] ) for the flow of two polymer solutions (polyacrylamide and xanthan gum) through both quasi two-and three-dimensional expansions. The visualisations clearly show the reduction in recirculation for the viscoelastic fluids, and the simulations are in good qualitative agreement with these visualisations.
For Newtonian fluids, as is well-known (first documented in Abbott and Kline [8] ), above a critical Reynolds number the flow field downstream of the expansion exhibits a stable asymmetric flow state. The critical Reynolds number at which the flow becomes asymmetric is dependent on the expansion ratio (i.e. the ratio of the downstream to upstream channel heights) and, for three-dimensional flows, the aspect ratio (i.e. the ratio of channel width to inlet channel or step height). Indeed the asymmetry is completely absent for expansion ratios less than 1.5. This asymmetry has been observed in both experimental (Cherdron et al. [9] , Durst et al. [10] for example) and numerical (Drikakis [2] , Battaglia et al. [3] ) investigations. Drikakis conducted an extensive study on the effect of expansion ratio and was able to demonstrate that the critical Reynolds number for asymmetric flow to occur decreases with increasing Reynolds number. For the 1:4 expansion he obtained a critical Re of 35.3. For the same expansion ratio Battaglia et al. obtained a slightly higher value of 35.8. In the current study, as we discuss in detail in Section 5.1, we obtained a critical Reynolds number Re cr = 36, in very close agreement with these studies.
Oliveira [11] was the first author to investigate viscoelastic fluid flow at high enough Reynolds numbers for asymmetric flow to be observed. Using the modified FENE-CR model the behaviour of viscoelastic fluids in a 1:3 planar sudden expansion was studied. At low Reynolds number, Oliveira was able to confirm the results of previous studies: namely the effect of elasticity is to reduce both the degree and magnitude of recirculating fluid downstream of the expansion compared with the Newtonian case. At high Reynolds numbers, although the asymmetry still occurred, the effect of elasticity was seen to be a stabilising one, i.e. the bifurcation to asymmetry flow occurred at higher Reynolds numbers for the viscoelastic cases. The critical Reynolds number was seen to be dependent on the Weissenberg number and the β and L 2 parameters of the FENE-CR model.
In the current study we present a systematic numerical investigation of the flow of a FENE-MCR liquid in a planar sudden expansion of expansion ratio 4. The basic elements of laminar flow, with moderate inertia, Re O(50) say, through a planar sudden expansion are illustrated in Fig. 1 . The flow progresses from being fully developed at a plane some distance L 1 upstream from the expansion to being fully developed in the downstream channel at a distance L 2 from the expansion plane. The exact shape of the recirculation regions may be concave or convex with respect to the expansion corner, depending if the flow is dominated by viscous or inertial forces, respectively. The purpose of the present work is to provide quantitative data of benchmark quality for the flow through a 1:4 planar expansion of viscoelastic liquids obeying the constant viscosity FENE-MCR constitutive model.
The main objectives of the present study are: (i) to examine the possible effects of each non-dimensional parameter (i.e. Re, We and β) of the FENE-MCR model upon the flow and compare with the results of Oliveira [11] for a planar sudden expansion of lower expansion ratio of 1:3; (ii) to investigate the critical Reynolds number of the symmetry-breaking bifurcation and flow asymmetries occurring in plane sudden expansions for Newtonian and viscoelastic fluids; (iii) to analyse the effect of elasticity on the flow field; (iv) to show the variation of profiles of the velocity, stress and pressure along the centreline for the Newtonian and viscoelastic cases.
Conservation and constitutive equations
In the present work we consider the two-dimensional isothermal flow of an incompressible liquid flowing from a straight channel of height d to a larger channel of height D = 4d, corresponding to an expansion ratio D/d = 4. In consequence, the process generates a complex flow exhibiting regions of strong shearing near the walls and uniaxial planar extension along the centreline. The upstream channel where the cross-section This problem is governed by the usual equations of continuity and motion, which can be written as [12] :
where u is the local velocity vector, ρ the fluid density (assumed constant), p the pressure, τ tot the total extra stress tensor, and D( )/Dt = ∂( )/∂t + u· ( ) is the substantial derivative, or derivative following the motion. For a homogeneous polymeric solution the extra stress can be decomposed by the sum of a Newtonian solvent and a polymeric solute contribution (τ tot = τ s + τ).
The Newtonian solvent component is expressed in Eq. (3), where the solvent viscosity η s is constant, u T the transpose of the velocity gradient, and D is the rate-of-strain tensor.
When the fluid is viscoelastic (i.e. it presents simultaneously viscous and elastic properties), the problem is considerably more complicated compared to the Newtonian case.
In the current study we use a modified form of the finite extensibility non-linear dumbbells (FENE [13] ) model, valid for polymeric materials, the so-called FENE-CR model, proposed by Chilcott and Rallison [14] . The FENE-CR model predicts constant shear viscosity, η 0 = η p + η s , shear-thinning of the first normal-stress difference coefficient and bounded elongational viscosity (proportional to L 2 ) and is given by:
with the stretch function f(τ) expressed by:
In the previous equations, tr is the trace operator, λ a constant relaxation time, η p the polymer viscosity (constant) and L 2 is the extensibility parameter that measures the size of the polymer molecule in relation to its equilibrium size. The symbol ' ' in Eq. (4) is used to denote Oldroyd's upper convected derivate:
and the superscript 'T' in Eq. (6) denotes the transpose of a tensor. In the current study an additional simplification is embodied in Eq. (4) • L 2 , the extensibility parameter of the FENE-CR model (base value fixed at L 2 = 100); • β = η s /η 0 , the solvent viscosity ratio, where the global shear viscosity is η 0 = η s + η p (constant); • Re = ρUd/η 0 , the Reynolds number;
• We = λU/d, the Weissenberg number.
Numerical method
As mentioned previously, the numerical method applied in this work is the finite volume method (FVM). The governing equations (Eqs. (1), (2), (4) and (5)) are discretised in space by integration over the set of control volumes forming the computational mesh, and in time over a small time step, t. This process results in systems of linearised algebraic equations for the equations of mass and momentum conservation jointly with the constitutive equation. In these equations all variables are evaluated and stored in the central position of the control volumes (cells) and the computational mesh applied for the present simulations is orthogonal. As a consequence, special procedures are required to ensure the pressure/velocity coupling and the velocity/stress coupling (following the Oliveira et al. method [16] ).
For the calculation of the convective terms in both the constitutive Eq. (4) and the momentum Eq. (2) we use a high-resolution scheme called CUBISTA [17] , with third-order accuracy in space for smooth flow, and having simultaneously both high numerical precision and good characteristics of iterative convergence. The CUBISTA scheme is implemented explicitly, except for the part corresponding to upwind fluxes which are incorporated implicitly through the coefficients.
The constitutive and the momentum conservation equations in discretised form are solved using a modified algorithm based on the SIMPLE algorithm developed by Patankar and Spalding [18] that allows, through an iterative process of pressure correction, to guarantee the coupling of velocity and pressure, verifying the continuity equation. The presence of the constitutive equation for the viscoelastic fluid requires some minor alterations to the original SIMPLE method, which are mainly concerned with the calculation of pressure from the continuity equation. Two new steps are introduced in the initial part of the algorithm to account for the stress equation; this procedure is documented in detail elsewhere [16] .
Boundary conditions are required around the flow domain represented in Fig. 1 . At the inlet of the channel, x/d = −20, we impose fully developed profiles for all non-zero variables (u, τ xx and τ xy ). The relevant equations are given in Oliveira [11] and are not repeated here for conciseness. At x/d = +50, in the outlet channel, we impose the well-known boundary condition of vanishing axial variation for all quantities, i.e. ∂/∂x = 0, except the pressure which was linearly extrapolated from the inside channel. We confirmed that this outlet condition did not affect the main flow characteristics near the expansion, once L 2 is sufficiently long. Finally at the solid walls we impose the no-slip boundary condition.
Computational meshes and accuracy
In this section we provide some details about the computational meshes used in this work and, based on the results obtained for each mesh, we quantify the numerical accuracy. As we are primarily interested in bifurcations to asymmetric flow, the whole flow domain was simulated, i.e. we did not assume symmetry about the centreline (i.e. y = 0). The computational mesh is comprised of four blocks, presented in Fig. 2 , and their geometric characteristics are provided in Table 1 .
Three computational meshes have been employed in this study and their main characteristics are given in Table 1 . The table includes the number of cells for each block, N x along the x-direction, N y along the y-direction and the total number of cells or control volumes (NC) inside the computational domain. The number of degrees-of-freedom (DOF), for each mesh, is obtained through the multiplication of NC for the six variables (two velocity components, pressure and three stress tensor components) which compose the two-dimensional geometry.
The minimum cell size ( x min = y min , these values are normalised with d) near to the expansion is given in Table 1 , as are the expansion or compression factor (f x = x i / x i−1 ) for the cell size along the streamwise x-direction (i.e. the mesh is nonuniform). Along the y-direction we applied a uniform mesh and the expansion or compression factor (f y ) is equal to 1, see Fig. 3 .
All the results to be presented in this study were calculated using the medium mesh (Mesh 2), and the fine (Mesh 3) and coarse (Mesh 1) meshes were obtained by doubling or halving, respectively, the number of cells along the x-and y-direction, so as to enable quantification of numerical accuracy.
A schematic representation of the computational mesh (medium mesh-Mesh 2) used in the computational calculations of the main variables is presented in Fig. 3 . This figure illustrates the local refinement of the mesh near the expansion plane (x = 0), where the highest stress gradients are expected to occur due to the abrupt increase in channel height.
The results obtained for the three computational meshes are presented in terms of vortex size and intensity in Table 2 , for the Newtonian and a representative viscoelastic fluid (Re = 20, L 2 = 100, β = 0.5 and We = 2). With each refinement the number of cells in each direction is doubled and the geometric factor (f x , expansion or compression of cells) is the square root of the value used in the previous mesh. This procedure is useful for applying Richardson's extrapolation [19] technique for the convergenceorder accuracy in the numerical approximation. By assuming second-order accuracy, based on previous works with the same code [11, 20, 21] , the extrapolated values denoted by "Richard- son's extrapolation" are given in Table 2 , for the vortices sizes (X r ) and intensities (ψ r ). The discretisation errors on Mesh 2 (our base mesh for the remaining results) are also given in the previous table. It can seen that the discretisation errors for the recirculation size are below 0.15% for the Newtonian fluid and 1.4% for the viscoelastic fluid, while errors in recirculation intensity are below 0.7% for the Newtonian fluid and 10.3% for the FENE-MCR simulations. The errors in ψ r are much higher than errors in X r because the evaluation of ψ r requires integration of the resulting velocity fields and this integration tends to lower the accuracy of the results (see Alves et al. [20] ).
Thus, in general, the uncertainty in our directly calculated values is around 1-2% and the stress fields, in particular, which are so important for the correct prediction of viscoelastic flows, were observed to converge well with mesh refinement. For the viscoelastic case in Table 2 (i.e. part (b)) a detailed view of contour plots of τ xx predicted on the three meshes, not shown here for conciseness, confirms that the results of the two finer meshes are almost coincident.
Results and discussion
In this section we present and discuss our results and, from the point of view of their practical utility, they may be classified as Table 2 Effect of mesh refinement for Re = 20 either qualitative or quantitative results. The qualitative results to be given essentially comprise streamline plots, an effective way of illustrating the effect of inertia, elasticity and solvent viscosity ratio on the degree of recirculation and observing the existence, or not, of asymmetric flow. In addition the main contribution of the work is however the quantitative analysis, which comprises tables and figures for the size and intensity of the corner vortex, stress distributions, velocity profiles and the pressure drop along the centreline. Our numerical values for the Newtonian and viscoelastic fluid flows are also compared with the results obtained by Oliveira [11] for a planar sudden expansion with a lower expansion ratio of 3. Firstly we document our results for the Newtonian case with the main purpose of validating the calculations. An equivalent validation could not be undertaken for the viscoelastic simulations because we could not find an adequate data set in the literature for comparison. Next we consider the viscoelastic case, for which we study the effects of elasticity, polymer concentration and inertia. In the current work L 2 remains constant, at value of L 2 = 100, in accordance with the work of Remmelgas et al. [22] . Section 5.2.3 discusses briefly the influence of extensibility, in the range L 2 = 100-500. All calculations presented in this work were conducted using a Pentium ® IV personal computer with 3.0 GHz clock speed and 1024 MB random access memory. The computational time was seen to increase almost linearly with the mesh density (number of cells).
Results for the Newtonian case (validation)
In Fig. 4 we compare our predicted bifurcation results with the numerical values obtained in the work of Drikakis [2] . Following Drikakis we find it useful to define the parameter DX, where DX = (X r1 − X r2 ), to quantify the existence, or not, of asymmetric flow. The parameter DX is zero for a symmetric flow and non-zero, with opposite signs, for the two possible asymmetric flow states after the critical Reynolds number. The upper branch in Fig. 4 corresponds to flow attaching first to the upper wall and, conversely, the lower branch corresponds to the flow attaching to the lower wall. Drikakis analysed Newtonian flow in several expansion ratios, imposing fully-developed conditions at inlet and defining the Reynolds number using the maximum inlet velocity (U 0 = 1.5U) and height of the inlet channel (d). We have reprocessed his results so the definitions used in Fig. 4 are consistent with ours. Our results are, in the main, in good agreement with the results of Drikakis except for a discernable systematic difference for Re > 45.
Our predicted results for a Newtonian fluid are also presented in Table 3 . The corner vortex size is measured by its non-dimensional length, X r = x r /d, and the intensity is calculated by the amount of recirculating flow normalised by the inlet flow Table 3 Predicted vortex data for the Newtonian fluid rate so that, along the cross-stream direction, ψ r varies from 0 to 1. Comparison of our X r and ψ r values at Re = 0.01 (We = 0) with "benchmark" creeping flow calculations of Alves et al. [23] shows agreement of better than 0.5%. Additionally, excellent agreement is obtained with the correlations of Scott et al. [24] in their range of validity (say 20 ≤ Re ≤ 37). For low Reynolds number, a comparison can also be performed against the results for the 4:1:4 constriction geometry of Cartalos and Piau [25] , Szabo et al. [26] and Rothstein and McKinley [27] . These authors have studied experimentally [25, 27] and numerically [26] 
The effect of Reynolds number on the pressure distribution along the "lower" and "upper" wall is shown in Fig. 5 for the Newtonian fluid at Reynolds numbers equal to 36, 45, 70 and 100. (Note in this work the larger recirculation is always shown as occurring on the lower wall and the smaller on the upper wall, but in the simulations it was equally likely to occur on either wall and is only plotted as such for consistency.) Under symmetric separation conditions, e.g. Re = 36 in Fig. 5 (a condition just subcritical), the pressure distribution on the lower and upper wall are the same (the continuous and dashed lines are undistinguishable). Downstream of the sudden expansion the pressure initially increases (pressure recovery after the increase in channel cross-section), reaches a maximum value, and then gradually decreases toward the outlet of the channel. Predictions of Drikakis [2] are also shown in the figure and good agreement is observed; our predicted slope for the pressure decay is 0.33329 in the range x/d = 20 and 40, comparing extremely well with the theoretical value of f = 12/Re = 0.33333. When the flow is asymmetric the pressure has different values on the lower and upper walls before eventually reaching the same values and the constant slope for fully developed conditions. At some Reynolds number (e.g. Re > 70, see Fig. 15(a) for the streamline patterns in these cases) a pressure drop occurs downstream of the recirculation region on the lower wall and downstream of the smaller recirculation on the upper wall, but this behaviour does not occur at the farthest recirculation zone for Re > 64 (see Fig. 15(a) for Re = 70) on the upper wall. In this case the recirculation creates a displacement of the flow, seen from the streamlines in Fig. 15(a) , and consequently a pressure drop on the opposite wall. However, this does not occur downstream of the large recirculation on the upper wall because the flow on the lower wall is already attached and, therefore, cannot create a flow displacement with an attendant pressure drop. Similar conclusions were drawn in the work of Drikakis [2] against whose numerical results we have compared our predictions.
In Fig. 6 we present a detailed comparison of the axial velocity distributions for several Re, corresponding to an asymmetric flow situation, at four axial locations situated at x/d = 10, 15, 20 and 25. These locations are illustrated schematically in Fig. 7 which is a streamline plot for Re = 100 (Newtonian fluid) where a third recirculation region is seen to occur on the upper wall.
It can be seen from the streamline plot, shown in Fig. 7 , that at these high Reynolds number an additional recirculation zone has developed downstream of the expansion plane. The flow separates from the upper wall, impinges on the lower wall, and then reattaches to the upper wall as commented above in relation to the pressure distribution. However, Fig. 6 confirms that by x/d = 25 the flow field has become symmetric once again and is close to the analytical fully developed parabolic profile for all Reynolds numbers.
Results for the viscoelastic case
As already pointed out at the end of Section 2, using the FENE-MCR constitutive equation to model a non-Newtonian viscoelastic fluid the number of independent parameters that can be varied increases from a single parameter in the Newtonian case up to four (Re, We, β and L 2 ) and an exhaustive study of all possibilities goes well beyond the present attempt. To investigate their effects, we have decided to fix all parameters except one at some typical values and vary separately the remaining parameter. Such "separated" effects are discussed in this section.
Effect of elasticity, We number
To investigate the effect of elasticity we use the Weissenberg number, which provides a relative measure of the magnitude of the elastic to viscous stresses, defined here as We = λU/d. In this case, we only modify the constant relaxation time λ, which represents a time constant of the material.
Some computational results are provided in Table 4 for the vortices sizes and intensities with increasing We number between 0 and 100 (Re = 40, β = 0.9 and L 2 = 100). We note that for this relatively high value of β (typical of Boger fluids, cf. Rothstein and McKinley [27] who worked with a polystyrene solution having β = 0.921) the computations could be pursued up to large Weissenberg numbers, but limiting We values were found at lower β (see Section 5.2.2).
In Fig. 8 we present qualitatively the values of Table 4 for the size of the recirculation region as a function of We number, at Reynolds numbers of Re = 40 and 60 (β = 0.9, L 2 = 100). We can see that the effect of increasing the We number from We = 0-100, is for the larger of the two corner vortices (X r1 ) to be reduced in size, while the shorter vortex (X r2 ) tends to increase in size in the lower range of We for Re = 40, or remains approximately constant. However, although the effect of elasticity is to diminish the degree of asymmetry of the flow, the asymmetry is present for the whole range of We number (0 < We < 100) studied.
In Fig. 9 we plot the streamlines for We numbers between 0 (Newtonian fluid) and 10, for symmetric flow cases, at a constant Reynolds number of Re = 20 (β = 0.5, L 2 = 100). The effect of elasticity is to reduce the vortex size and the intensity of the recirculating flow in each case. Downstream of the expansion plane a "bulging" of the streamlines can be observed. This phenomenon can be explained if we consider that fluid is converging towards the centreline upstream of the expansion, followed by a stronger divergence (due to elastic recovery of the stretched polymer molecules) towards the larger channel walls after the expansion plane (see Fig. 9 at the highest Weissenberg number, We = 10).
As a consequence of this convergent-divergent streamline behaviour, an overshoot of the streamwise velocity component along the centreline occurs upstream of the expansion and then an undershoot occurs downstream. This behaviour is shown, for the particular case of Re = 20 and We = 0 and 10 (β = 0.5, L 2 = 100), in Fig. 10 where it is clear that the fluid acceleration along the centreline is concentrated in a small region just at the entrance to the expansion (x ≈ 0), while the region of diverging streamlines is distributed over a longer distance downstream of the expansion plane. The effect becomes more pronounced with increasing We, but is also dependent on the Reynolds number, as shown in Fig. 11 for We = 2 and We = 4. From this figure, which shows the variation of these velocity over and undershoots along the centreline with Re, it is clear that the overshoot of velocity near the expansion plane increases with increasing elasticity number (E = λη 0 /ρd 2 = (1 − β)We/Re) and that the undershoot in the diverging streamlines zone reaches a maximum at a given E (≈0.08-0.10). A nice and definite explanation for this "diverging flow behaviour" was recently put forth by Alves and Poole [28] for the contraction flow case, but the same mechanism should be at work for the sudden expansion case under consideration here. Their analysis demonstrated that inertia (through the Reynolds numbers) is not necessary for diverging flow to be observed: therefore the phenomenon should not be directly controlled by the elasticity number.
A peculiar feature in the vortex size variation with We seen in Fig. 8 for the lower Re value (Re = 40) is worth discussing here because it is an elastic effect that was, in fact, already present in the work of Oliveira [11] (see his Fig. 8 ) but went unnoticed. There is a slight, but distinct, dip in the size of the smallest vortex (X r2 ) at We = 45 (Re = 40 ⇒ E ≈ 0.1), with an ensuing slight increase of X r1 . In order to clarify the origin of such a small, but discernable 'kink' in the variation of X r , we plot the streamlines Fig. 9 . Streamlines at various We numbers (Re = 20, L 2 = 100, and β = 0.5). Table 4 Predicted vortex data for the viscoelastic fluid/Effect of elasticity through We, for Re = 40, β = 0.9 and L 2 = 100 for the Re of interest in Fig. 12 . It appears that for We ≥ 45 (E ≥ 0.11) the shape of the smaller vortex near the wall changes abruptly from an elongated shape, typical of the Newtonian vortex (cf. We = 0), to a more strongly convex shape, with the separation streamline now intersecting the wall at a right angle. We hypothesise that this elastic retraction of the smaller vortex is related to the "diverging streamlines" phenomenon discussed above. For Re = 60 (We = 2, β = 0.9, E = (1 -0.9) × 2/60 = 0.003) such a perturbation in vortex size is absent, as seen in Fig. 8(b) .
Effect of concentration, β
The β parameter measures the ratio of solvent viscosity to total shear viscosity. For the present study we varied β from 1.0 to 0.3, at fixed Re = 40, We = 2 and L 2 = 100. The numerical results of the present parametric study, in terms of vortex size and intensity, are given in Table 5 and qualitatively illustrated in Fig. 13 .
Analysing Fig. 13 we can see that for a decreasing β ratio the flow is stabilized until a stable symmetrical state exists Table 5 Predicted vortex data for the viscoelastic fluid/Effect of concentration parameter β, for We = 2, Re = 40 and L 2 = 100 for values of β ≤ 0.8, at Re = 40, while the flow is asymmetric for β > 0.8. It is clear that the Newtonian flow (β = 1.0) has the largest asymmetry and this asymmetry is somewhat reduced with a small introduction of elasticity in the fluid, through the β parameter, and it is completely attenuated when the concentration is further increased. Following the practice of defining the Weissenberg number based on a Maxwell model relaxation time (that is, λ 0 = ψ 1 /2η 0 , where ψ 1 is the first normal-stress coefficient), the influence of β can be seen as an elastic effect provided we use We = We(1 − β) to define the Weissenberg number. For β = 1 we have We = 0 and no influence of viscoelasticity is expected; for β < 1, with progressively lower values, We increases implying higher levels of elasticity. Table 6 Predicted vortex data for the viscoelastic fluid/Effect of extensibility parameter L 2 , for Re = 40, β = 0.9 and We = 2 Table 7 Predicted vortex data for the viscoelastic fluid (We = 2, β = 0.5 and L 2 = 100) At the particular values of Weissenberg number and extensibility parameter of Table 5 , it was observed that any further reduction of β would result in either a lack of convergence of our iterative scheme or plain divergence. This limit on the allowable parameter range can be due to a deficiency of the numerical method or, alternatively, to the fact that physically the flow becomes unsteady or three-dimensional. 
Influence of extensibility, L 2
As mentioned previously, L 2 = 100 is a typical value for dilute polymer solutions, already allowing for considerable molecular extension before the fully stretched state is attained. It is interesting however, at least from the point of view of completeness, to assess the importance of this level for the L 2 model parameter on the prediction of vortex sizes. For that, we took the base case of Section 5.2.2 with Re = 40, We = 2 and β = 0.9, a situation for which there is already bifurcation with two asymmetric vortices, and varied L 2 from 100 to 500. The corresponding vortex size and intensity barely varied as seen from Table 6 , with a systematic small decrease of the intensity of both vortices, as expected from an increase in extensional elasticity. In conclusion, the influence of L 2 on the flow, when L 2 is larger than 100, appears to be minimal.
Effect of inertia, Re number
In this section we present the results concerned with the variation of Reynolds number, for typical values L 2 = 100, We = 2 and a moderate concentration β = 0.5. A Reynolds number measures the ratio between the viscous and inertial forces. At high Re values the flow is dominated by inertial forces and for low Re values the flow is dominated by viscous forces and the inertial forces are less significant.
Our numerical data are provided in Table 7 and the values are plotted in Fig. 14(a) , which shows the variation of the lengths of the upper and lower vortices downstream of the expansion plane with Reynolds number and in Fig. 14(b) , which shows the corresponding recirculation intensities. At very low Re, some rather small differences are seen in Table 7 between the values of the two, nominally identical, vortex sizes but they are within the numerical uncertainty (≈0.2-2.0%) of our results. For a Reynolds number up to a critical value (Re cr = 46) the flow remains steady and symmetric, while for higher Re number the flow is still steady but asymmetric with a larger and a smaller recirculation. For Re above 73.5 a further recirculation region appears on either wall. In Fig. 15 we plot the streamlines for various Reynolds numbers to highlight these effects. Additionally, in Fig. 14 we include the results of [11] for a similar viscoelastic fluid model in a 1:3 expansion to illustrate the effects brought about by a reduction in expansion ratio: essentially a delayed critical bifurcation point and smaller and less intense vortices.
Another issue is whether the modification introduced in the FENE-CR model (MCR against CR, cf. Section 2) produces significant differences. The triangular symbols in Fig. 14 correspond to test calculations performed with the actual CR model and it may be concluded that minimal differences are seen for low to moderate Re, up to and around the bifurcation point, and the discrepancies remain small at higher Re. Previous simulations with inertialess flows showed the two models to yield essentially the same results. Thus, the conclusions drawn here for the FENE-MCR model can, in general, be extended to the actual CR version of the FENE model.
In Fig. 16 we show the "bifurcation" plot (i.e. the variation of the DX parameter with Re) for the viscoelastic Fig. 17 . Non-dimensional contour lines for the first normal-stress differences (N 1 ) with increasing We numbers (Re = 20, β = 0.5 and L 2 = 100). liquid, and compare to the equivalent data for the Newtonian fluid.
From our results we can conclude that the transition from a symmetric to an asymmetric state is delayed to higher Re values by elasticity, specifically from Re cr = 36 (Newtonian case) to Re cr = 46 (viscoelastic case) for this parameter set (see Fig. 14) . The effect of elasticity is therefore a stabilizing factor for the occurrence of bifurcation, under steady flow conditions. The vortex sizes and intensities are smaller for the viscoelastic liquid when compared with the Newtonian fluid. This effect is observed for the whole range of Re, from 0 to 100, and can be seen in Fig. 15(a and b) which shows the streamline plots for the Newtonian and viscoelastic fluid, respectively. In this figure it is also possible to appreciate the phenomenon of 'diverging' flow commented upon above.
In Figs. 17 and 18 we present the non-dimensional contour lines for the first normal-stress differences (N 1 = τ xx − τ yy ) and shear stress (τ xy ), with increasing Weissenberg number (We = 0, 2, 5 and 10) for Re = 20 (β = 0.5 and L 2 = 100).
Globally these figures illustrate the higher level of stress concentration for the viscoelastic fluid, both in respect of the normal and shear components. The stress profiles are still symmetric, demonstrating that for the low Re numbers cases shown the bifurcation phenomenon is not sensed by the stress field. Another detail is the displacement of the maximum stress downstream of the expansion (see Fig. 17 for We = 2). The convective terms present in the stress equations tend to sweep the stresses along the flow direction even if the Reynolds number is kept constant as is the situation for the cases shown. Lastly, we can see the gradual stress concentration near to the expansion corner as the degree of elasticity increases.
In Fig. 19 we plot the variation of the normal stresses τ xx and τ yy along the centreline (i.e. y = 0), at several Weissenberg numbers (We = 0, 1, 2 and 5) for the viscoelastic fluid (Re = 20, β = 0.5 and L 2 = 100). The normal stresses are non-dimensionalised by a convective scale, ρ * U 2 and for the viscoelastic cases the stresses shown correspond to the polymeric contribution only. We can see a gradual increase of the maximum transverse normal-stress (τ yy > 0), and the location of this maximum value moves further downstream with increasing elasticity. This behaviour is a consequence of a history (or memory) effect in the constitutive equation. The τ yy contribution is dominant in the first normal-stress term (i.e. N 1 = τ xx − τ yy ) calculation and the values obtained from the stress components in Fig. 19 correspond to the elliptic region of maximum negative first normal-stress differences seen in the contours of Fig. 17 , thus explaining the tendency for the lateral bulging of a fluid element seen previously (Figs. 9 and 15) .
In Fig. 20 we investigate the influence of viscoelasticity and inertia on the pressure distribution along the centreline of the channel (y = 0) for the Newtonian and viscoelastic cases. A memory effect in the fluid can again be observed downstream of the expansion plane as a continuation of the pressure decrease for the viscoelastic liquid. Indeed, for this type of fluid we can see a lower minimum pressure, occurring slightly further downstream of the expansion compared with the Newtonian fluid, for which pressure recovery starts immediately at the expansion plane. Additionally the pressure recovery, after the expansion zone, is lower for the viscoelastic fluid, i.e. there is an enhanced pressure drop for the viscoelastic cases compared to the Newtonian case. This is an interesting result because for the corresponding contraction flow geometry, the predictions of several similar constitutive models have consistently exhibited a reduced pressure drop for viscoelastic fluids (see Alves et al. [23] for example).
Conclusions
Numerical simulations were conducted for flow in a twodimensional channel with a 1:4 sudden symmetric expansion. A symmetry-breaking bifurcation was found for both Newtonian and viscoelastic fluids, at different Reynolds numbers in each case, and represents the transition from a symmetric to an asymmetric flow. The critical Reynolds numbers at the bifurcation were Re cr = 36 and 46 for the Newtonian and viscoelastic fluids (L 2 = 100, We = 2 and β = 0.5), respectively. It was shown that the critical Reynolds number decreased with increasing expansion ratio, compared with the work of Oliveira [11] for a 1:3 sudden expansion. At higher Reynolds numbers, Re higher than 64 or 73.5 for the Newtonian and viscoelastic liquid, respectively, a second bifurcation point is observed and a further recirculation regions on the "upper" wall. This effect was not observed for flows in the 1:3 expansion for Re < 100. Comparing the Newtonian and viscoelastic fluid simulations the effect of elasticity (measured by the Weissenberg number) tends to delay the onset of the bifurcation, and the vortex length and intensity are always lower for the viscoelastic fluid when compared with the Newtonian case.
Similar conclusions can be drawn when the actual CR model is used instead of its modified version, which is mostly employed in this investigation. A comparison between these two versions for the constant viscosity FENE fluid shows almost no differences at low Re, up to and above the critical bifurcation point, with no systematic deviation for the CR at higher Reynolds numbers.
It was seen that the inertial forces, through the Re number, increase the length and intensity of the vortex for both Newtonian and viscoelastic fluids. In particular for the viscoelastic fluids the effect of Re was inhibited in a lower range (say Re = 0 − 10), in which the vortex size and intensity are unaffected by inertia, followed by the inertial range that parallels the Newtonian tendency for vortex enhancement. Finally, the polymer concentration was seen to have a very strong effect and for β > 0.8, at Re = 40 for example, the flow was asymmetric but for lower values of β the asymmetry was completely removed.
